Variable annuities are very appealing to the investor. For example, in United States, sales volume on variable annuities grew to a record 184 billion in calendar year 2006. However, due to their complicated payoff structure, their valuation and risk management are challenges to the insurers. In this paper, we study a variable annuity contract with cliquet options in Asia markets. The contact has quanto feature. We propose an efficient Monte Carlo method to value the contract. Numerical examples suggest our approach is quite efficient.
INTRODUCTION
Equity-linked insurance contracts has become very popular in the market. There are two major types of equity-linked insurance contracts: variable annuity (VA) and equity-linked annuity (EIA). The markets of VA and EIA are very large. According to LIMRA International and Advantage Compendiumm, VA and EIA contracts have very high sales volume (Table 1) in United States. Compared to the traditional annuity product, VA and EIA have the advantage of offering additional return when the linked equities perform well. Although VA and EIA share this commonality, they are different in various aspects: 1. A typical (non-registered) EIA is an insurance company "general account" product. This means that EIA is treated as a liability item on insurance company's balance sheet. On the other hand, VA is a "separate account" product. Except the guarantees embedded in the contract, any gains or losses to the underlying assets in the VA separate account are reflected directly and immediately in the VA contract owners' accumulation values. 2. Owners of variable annuities are generally allowed to modify their investment allocations periodically, sometimes as often as daily, and VA contract values change according to the performance of the selected investment portfolios. Therefore, VA contracts provide their owners with considerably greater investment flexibility than do EIA contracts. The linked indices in EIA contracts are usually the well known indices such as S&P 500. So, EIA owners basically cannot have direct influence on the values of linked indices. 3. VAs are considered to be securities and must be registered with the Securities and Exchange Commission (SEC). On contrary, EIAs are not required to register with SEC and most EIAs are not registered. 4. At maturity, the guarantees embedded in EIA contracts are usually in-the-money. On the other hand, VA's guarantees are usually out-of-the-money.
Above descriptions about VA and EIA are for US market. Asia markets for VA and EIA have a different situation. For example, equity-linked insurance contracts must be premium protected and must be "separate account" products in Taiwan. Regulator set a very high "capital requirement" standard for insurers for providing guarantees in equitylinked insurance. For this reason, insurers in Taiwan have to transfer their risks associated with these guarantees to third party. Reinsurance is one way for transferring these risks, but it is usually too expensive for insurers. A more popular Hsieh way is to package premium-protected structure products as equity-linked insurance contracts. Such premium-protected structure products are designed and sold by investment banks. In order to be a qualified provider for such structure products, the investment bank must maintain a high credit rating. These structure products are classified as variable annuities in Taiwan, because they are separate account products. However, their financial property are more like EIA products in United States. These products have exotic payoff functions and their valuation becomes an important issue for the insurers. In this paper, we focus on one of such structure products. The variable annuity contract considered has quanto feature and embedded cliquet options. Such contracts are attractive to the investor because of their protection against downside risk and significant upside potential. We discuss the Monte Carlo valuation approach and then propose efficient algorithms. In particular, we applied variance reduction technique of control variates to improve the performance of Monte Carlo approach. This paper is organized as follows. In Section 2, we describe the variable annuity contract under consideration. In Section 3, we first describe the stochastic models for the linked index and exchange rate. Then we present the risk neutral valuation formulas under the stochastic models. In Section 4, we devise a few control variates and test their effectiveness via numerical examples. Finally, Section 5 offers some concluding remarks.
VARIABLE ANNUITY CONTRACTS WITH CLIQUET OPTIONS IN ASIA MARKETS
The payoff of the variable annuity contracts under consideration is very similar to simple ratchet EIA contracts with maturity guarantee; see, Hardy (2003) and Hsieh and Chiu (2007) for more information. The VA contracts might also be called cliquet options with global floor (Kjaer 2006) . However, there is one major difference between the VA contracts considered and simple ratchet EIA contracts: the VA contracts considered are quantos. That is, the linkedindex is dominated in a different currency. For example, the contracts pay off in Australian dollar and the linked-index is S&P 500 which is dominated in United States dollar. The index participation is evaluated annually. Let T be the maturity of a VA contract and S(t) be the linked-index at time t ≤ T . We set
which are the annual returns of linked-index. The effective annual returns of the VA contract are defined as
where f is the annual guarantee rate, c is the annual cap rate, and α is the participation rate in the linked-index. Treat these effective annual returns as simple returns and sum them arithmetically, then the total return at maturity is
In addition to annual guarantee rate f , the VA contract also provides guarantee at maturity. This type of guarantee is sometimes called global guarantee. Let the initial investment be P. If the maturity guarantee promises a maturity guarantee rate G, then the payoff of the VA contract is
VALUATION FORMULAS FOR THE VA CONTRACT CONSIDERED
Most of the previous related research in insurance field (Hardy (2004) , Lee (2003) , Tiong (2000) , and Gerber and Shiu (2003)) adopted the Black-Scholes assumptions (Black and Scholes 1973) for the linked-index and interest rate. We follow these assumptions. But, since the VA contract is quanto, we need to add exchange rate model. More specifically, the linked-index S(t) and exchange rate C(t) follow geometric Brownian motions and the interest rate r (local currency) and r f (foreign currency) are constants.
where z i (t), i = 1, 2 are independent standard Brownian motions, σ S is the volatility of the linked index, σ C is the volatility of the exchange rate, ρ is the correlation coefficient between log(S(t)) and log(C(t)),ρ = 1 − ρ 2 is the orthogonal complement of ρ and B(t) and D(t) denote the local and foreign money market accounts, respectively. We call the models defined in (5) Black-Scholes quanto model (Baxter and Rennie 1996) . To make the model more concrete, we might assume that the local current currency is Australian dollar and the foreign currency is US dollar. So, there are three tradables in Australian dollar: B(t), C(t)D(t), and C(t)S(t). Based on Girsanov's and martingale representation theorems (see Baxter and Rennie (1996) , for example), there exists a unique measure Q such that, under which, both C(t)D(t)/B(t) and C(t)S(t)/B(t) Hsieh are martingales. And under measure Q, the processes S(t) and C(t) can be written as
wherez 1 andz 2 are independent standard Brownian motions under measure Q. If a derivative's payoff depends only on S(t) and/or C(t), then its fair value can be represented as expectation under measure Q (Baxter and Rennie 1996) . This fair value is actually equal to the initial value of a (dynamic) replicating portfolio. Such valuation approach is usually called risk neutral valuation (see, for example, Harrison and Kreps (1979) and Harrison and Pliska (1981) ) and measure Q is called risk neutral measure. Therefore, the fair value of the VA contract defined in Section 2 can be written as
where E Q [·] denotes the expectation operator under measure Q.
MONTE CARLO APPROACH
It is well known that, under the risk neutral measure Q, log(R t ) are independent normal random variables with common mean
and common variance σ 2 S (Hull 2006) . Since R M is just a function of R t , t = 1, . . . , T . Equation (7) implies Monte Carlo approach can be used to price the contract. We shall use control variates (see, e.g., Bratley, Fox, and Schrage (1983) and Law and Kelton (2000) ) to speedup the Monte Carlo method.
From Equation (7), it is easy to see that R M can be a good control variate. To make R M a valid control variate, we need to compute E Q [R M ]. To this end, we follow the idea in Hsieh and Chiu (2007) .
Using (2) we can get
where f α = 1 + f /α and c α = 1 + c/α. Set
Then it is easy to see that X t 's are independent censored lognormal random variables with censored values f α and c α .
We use (3) to obtain
Therefore, we reduce the task of computing E Q [R M ] to the task of computing E Q [X 1 ].
To compute E Q [X 1 ], we first write
Then, by representing R 1 as
and letting
and
we obtain
where φ (·) and Φ(·) are the density function and the cumulative distribution function of standard normal random variable, respectively. Combining these three terms, we get the explicit formula for E Q [X 1 ]:
With (13) and (10), the following proposition is straightforward.
Hsieh
Proposition 1
where d 1 , d 2 are defined in (11) and (12). Now, we are ready to test some numerical examples. We begin with a description of the parameters of Black-Scholes quanto model for the VA contracts: the contract maturity T = 5, initial investment P = 100, floor rate f = 1%, the volatility of the linked-index σ s = 25%, the volatility of the exchange rate σ C = 10%, the correlation coefficient ρ = −0.1, local currency interest rates r = 6%, foreign currency interest rates r f = 4%, and the global guarantee rate G = 110%.
We simulate 1000 independent runs of (R 1 , · · · ,R T ). From these 1000 simulated paths, we can easily obtain 1000 independent replications of e −rT P·max(R M , G). Based on these independent copies, standard point estimates of E[e −rT P · max(R M , G)], and their standard errors are computed and presented in Table 2 . Table 2 are not very satisfactory. We shall apply the variance reduction technique of control variate. In particular, we take advantage of Proposition 1 and select control variate
Using the same 1000 replications of (R 1 , · · · ,R T ), we can also obtain 1000 independent replications of C. Let λ 1 and λ 2 be any real numbers and set
Since E Q [C] = 0, it is easy to see that E[Y (λ )] equal to the fair value of the VA contract. Therefore, it provides alternative mean of computing the price. It is well known that the optimal (variance-minimizing) weight λ * of the control variate is Cov(Y,C)/Var(C) (Bratley, Fox, and Schrage 1983) . The quantities of Cov(Y,C) and Var(C) are estimated by the sample covariance and variance. It turns out that control variate Y (λ ) is quite effective. Table 3 show the results. These results indicate that the accuracy of the estimates has been improved significantly with control variate C. 
Because most of the computational effort was used to generate the sample paths of (R 1 , · · · ,R T ), the additional work needed to compute C is minor. Therefore, it seems reasonable to use VRR as a proxy of computational gain. Table 4 shows that the quantities of variance reduction ratio range from 88 to 2070. This indicates control variate C is very effective in reducing the estimator's variance. 

CONCLUDING REMARKS AND FUTURE WORKS
In this paper, we introduced a variable annuity contract in Asia markets. The variable annuity contract has quanto feature and embedded cliquet options. Such contracts are attractive to the investor because of their protection against downside risk and significant upside potential. We proposed a control variate for improving the computation efficiency of valuing such contracts. The numerical results show that the control variate is quite effective. This also suggests that Monte Carlo methods can be a very efficient computational tool for pricing complex insurance products.
Our study also provides computational tools for analyzing the trade-off among various parameters for such contracts. For example, the following information can be obtained from our study:
1. The effect of participation rate α on cost; 2. The effect of ceiling rate c on cost; 3. The effect of floor rate f on cost; and 4. The effect of the global guarantee rate G on cost.
Finally, we suggest a few directions for future research:
1. Study the impact of correlation between linkedindex and exchange rate on price . 2. Expand the model to include issuer's credit risk.
